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Abstract: We analyze the constraints which follow both on the geometry and on the gauge 
sector for a consistent supergravity reduction of a general matter-coupled N = 2 supergravity 
theory in four dimensions. These constraints can be derived in an elegant way by looking at the 
fermionic sector of the theory. 


In this note we analyze the constraints which arise from a consistent reduction of 
N = 2 matter coupled supergravity [|l|] , |2| , || , with arbitrary gauging, to N = 1 standard 
matter coupled supergravity 

This study may find applications in many physical situations, as partial supersym¬ 
metry breaking i,0, brane supersymmetry reduction ||,||, string or M- theories in 
presence of H-fluxes 
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The main reason why a consistent reduction gives non trivial constraints on the matter 
sector is due to the fact that the second gravitino must be consistently eliminated from 
the spectrum. This implies a condition: 


0|e2=0 


( 0 . 1 ) 


which must be integrable. 

In a general rigid supersymmetric theory the reduction N = 2 —> IV = 1 would 
give no constraint in the number of matter multiplets, but only some restriction on their 
interactions. However this is not the case in local supersymmetry because the second 
gravitino multiplet generates some non linear couplings, which are required to be absent 
if a consistent reduction may occur. 

A full derivation of these constraints, also in higher N theories, was given recently 


21 


by looking at the bosonic terms in the local supersymmetry variations of the fermions. 

However, in the full-fledged N = 2 theory [j3|, the very same variations contain three 
fermion terms: 

Sf ~ ffe (0.2) 

other that the bosonic terms 

5f ~ be (0.3) 


(here / and b denote generic fermion and boson fields). 

These terms, in the component formulation, have two different origins. They come 
either from supercovaria.ntization of bosonic terms containing derivatives (such as all 
connection terms both of space-time and of the scalar cr-model) or by elimination of 
“auxiliary fields” (or, in superspace, by solving Bianchi identities of the gravitational 
multiplet coupled to the matter multiplets.) 0. 

Note that these terms are crucial in the proof of local supersymmetry of the lagrangia.n, 
since they induce five-fermion terms in the supersymmetry variation of the lagrangian 


= ffffe 


(0.4) 


which must vanish by Fierz identities since they are purely algebraic. The constraints 
on the three-fermion terms (p.2|) are much simpler to analyze since fermions have simple 
transformation properties under the local symmetries of the theory. By close inspection of 
these terms one can indeed obtain a reduction of the matter sector which is precisely what 
is obtained, by supersymmetry, from the constraints on the reduced geometry analyzed 
in 0. 

We further note that the fermionic terms in the supersymmetry variations do not 
depend on the gauging of the theory, so that the restriction on the terms coming from the 
gauging must be still analyzed separately and here we simply report their implications on 
the reduced N — 1 theory, as found in [^] . However, the consistency of the reduction in 
presence of gauging of any isometry of the scalar manifold reflects, by supersymmetry, in 
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the occurrence of generalized Yukawa interactions, i.e. fermion bilinear in the lagrangian. 
The consistent truncation requires that all such terms, which are linear in the fermions 
which are deleted, may not survive the reduction. This is seen to be a consequence of the 
performed reduction. 

In this note we will analyze the reduction of the fermionic terms in the supersym¬ 
metry variations and in the lagrangian, showing that the results obtained are in perfect 


agreement with those found at the bosonic level in [21 


1 Fermionic contributions 


The supersymmetry reduction iV = 2—>fV = lis obtained by truncating the N = 1 spin 
3/2 multiplet containing the second gravitino and the graviphoton. 

Here and in the following we use the notations both for N = 2 and N — 1 supergravity 
as given in reference f22| , the only differences being that we use here world indices X, 1 = 
1, • • •, ny and boldfaced gauge indices A = 0, 1, • • •, ny for quantities in the N — 2 vector 
multiplets since we want to reserve the notation A and i, i for the indices of the reduced 
N = 1 theory (see reference pill). 

Let us write down the complete supersymmetry transformation laws of the N — 2 
theory, including 3-fermions terms 0]: 


Supergravity transformation rules of the (left-handed) Fermi fields: 


s = Vf.eA + ig SabVhv + Sab (t^ + U^j 


5 A 


'fe B + 


+ vA B + 7 e B ~ - (djICX e B — h.c.') Vy4 + 


1A 


“a\ u B {u aC \ u C a ec + K c Ce c )^B 


= i v^Vv 4 + 


,AB 


' t B s“ + gW IAB eB + 


2 ( djK.\ JB e B 


Ha = 


vX jk)^ B ^bX JA ~ iA Is ^s7 M e A + i^ 3 ^ AB CjjccX B X^e D £ CD 

i q u ^ A £ab C a/3 + gN A e A + 

- JB t B - h.c.) ( a - A a| / (W A %e A + U u lA Ve A ) C/j + 


I 


- ic 




(i.i) 


h.c.) \ XA - H b| „ (u° c H a cc + KcCS) \ IB + 


( 1 , 2 ) 


(1,3) 


Supergravity transformation rules of the Bose fields: 


= 


-i^A M 7“e A -i^7 a 

A ~ AB , o t ATTA R , 


6A* = 2L ip Atl e B e + 2L e AB 

• r A R . -jrA -r-T , 

+ i fx A 7/A + i fj X A ^^e B e 


■IA 


5 z = A e A 
5 z 1 = X J A e A 


(1.4) 
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(1.5) 

( 1 . 6 ) 

(1.7) 










We have defined: 


Ka (CV + C°»e A %c B ) . 


( 1 . 8 ) 


5q u = 


6a — P^A + U n\A e B J r-^Q^A (1-9) 

where V denotes the Lorentz covariant derivative (on the spinors, V M — \uj^ bn f a b), 

and the 577(2) and U(l) 1-form “gauged” connections are respectively given by: 

+ 9(A) A A PI (<j x ) a b , (1.10) 

Q = Q + g w A A P 0 A , (1.11) 

Q = ~ (dxICdz 1 - d^JCdlP) (1.12) 

uj a b , Q are the S77(2) and 7/(1) composite connections of the ungauged theory. Moreover 
we have: 


+ g { A)A A k\ (1.13) 

V„?“ = + 9iA)A A kl (1.14) 

where k\ and k A are the Killing vectors of the N = 2 special-Kahler manifold J\4 SK 
and of the quaternionic manifold M9 respectively. They are related to the respective 
prepotentials by: 


k A = [ g IJd j p A (!- 15 ) 

k l = ^ x| vu V v Pa\ A = -l (1.16) 

where is the SU (2)-valued curvature of the connection a j a b , A is the scale of the 
quaternionic manifold which in our conventions is fixed to the value A = — 1 by super¬ 
symmetry (see ref. ||]). The prepotential P A satisfies: 

= P^L A = 0 (1.17) 


where L A , together with its magnetic counterpart M A = J\f A -s,L A , is the symplectic section 
of the Sp(2ny ) flat bundle over Ai SK in terms of which the special-Kahler geometry is 
defined. Note that we use throughout the paper the definition f A = WjL A = djL A + 
\djK,L A . T~ v appearing in the supersymmetry transformation law of the N = 2 left- 
handed gravitini is the “dressed” graviphoton defined as: 


T~ = 




2iIniA/" AS L 

tA-PI 


7 a ~ 


+ [L a ^ Ai p\) B v^ AB + L^^^eAB + 


— 1 


fpAllu^]B( AB r + lv K f?A K \„\ CB tAB - ji*c^(1.18) 


while 


G 


a- — 


flU 


= fj 


?A— 


^ + {L A ^A^Bue AB - lffcX^^eAB + 

f AT^. 


— 1 


fiA I A'n^„]B€ AB y + 1v k /^a' : - 4 7„„A cb c AB - K a C“' 5 Cc.AbAb] (1.19) 
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are the “dressed” field strengths of the vectors inside the vector multiplets (the “minus” 
apex means taking the self-dual part.). The “auxiliary fields” A /iA b and A' /iA b are defined 
as: 


W = ~9U flW” - 6 B a A c Y\ JC 


Ka b = isij (^ JB - b B A \W>- JC ) - 7^c„y*f 


( 1 . 20 ) 

( 1 . 21 ) 


Moreover the fermionic shifts Sab, W 1AB and N A are given in terms of the prepotentials 
and Killing vectors of the quaternionic geometry as follows: 


Sab 

= 4 F JJJA i A =iipM fl £ A 

(1.22) 

w IAB 

= i Pt B 9 Xl f± + e AB klL A 

(1.23) 


= 2 U A u k u A L A 

(1.24) 


= -mi u k\L K 

(1.25) 

Since we are going to compare the N = 2 reduced theory with the standard N — 1 
supergravity, we also quote the supersymmetry transformation laws of the latter theory 

23 ,[0j. We have, up to 3-fermions terms: 


N — 1 transformation laws 



= 

+ i L(z, z) 

(1.26) 

= 

i ( d„z % + g [K) A A k l ^j ^e . + N 1 e, 

(1.27) 

• > 

+ i D A e. 

(1.28) 

svt = 

+ h.c. 

(1.29) 

8A$ = 

.! t a . . , 

Av £ + h - c - 

(1.30) 

Sz i = 


(1.31) 

where Q is defined in a way analogous to the N = 2 definition (fL . 1 1|) and: 


L{z,z ) 

= W(z)e^ 1 ^\ W-L = 0 

(1.32) 

N* 

= 2 g*VjL 

(1.33) 

D a 

= -2(Im/ AS ) _1 P E (z,2) 

(1.34) 


and W{z), JC(i)(z,z), P%(z,z), /as(^) are the superpotential, Kaliler potential, Killing pre¬ 
potential and vector kinetic matrix respectively [|], |23|], ||. Note that for the gravitino 
and gaugino fields we have denoted by a lower (upper) dot left-handed (right-handed) 
chirality. For the spinors of the chiral multiplets y, instead, left-handed (right-handed) 
chirality is encoded via an upper holomorphic (antiholomorphic) world index (y\x*). 

Finally, we recall the equations defining special geometry: 


D,V = Ui 

DiUj = iC ijk g kk Uj 

DjU-j 9ijV 

DiV = 0 (1.35) 
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where 


V = (L a ,M a ), Ui = DiV = (f A , h\i) A = 0,. 


M a — .A/aeIA 


h-Ai — ATae/^ 


(1.36) 

(1.37) 


and A/" A v is the kinetic vector matrix. 


Gravitino reduction 

To perform the truncation we set A= 1 and 2 successively, putting = e 2 = 0, and we 
get from equation (|1.1| ): 


— Qfj, e i ~ e i + + (A^i 1 + ^ e 1 + 

- 1 + JC?V) </>i - 1 (djI(X n 

while, for consistency: 


ei 


h.c.) Cvu 


(1.38) 


<^2/z = 0 — 6i + 


7 v + 


gS 2 \'n, lv - (t iw + f/ ; +) 

+ (A M 2 1 + lni'^2 X ) — w 2|u (^ Ql '“Ca e l + TOC C 1 ) l^ul 
Comparing (|1.26|) with (|1.38|), we learn that we must identify: 


Vv = Vv 

ei = e.- 


(1.39) 


(1.40) 

(1.41) 


Furthermore, for a consistent truncation we must set to zero all the following structures: 

(1.42) 

(1.43) 

(1.44) 

‘ICre 1 = 0 (1.45) 

u* = -|c^y T ^c' s = 0 

= = ~^n2 = 0 


T, 1V = o 

S 21 = 0 
0|2 1 = 0 


U. 


(1.46) 

(1.47) 


We note that the expression “equal to zero” in (|1.42| ) - (|1.47|) has to be intended in a 
weak sense, as a condition to be true on the reduced N = 1 theory. 

Let us analyze in particular the constraints (|1.42|) , (|1.45|) , ( |1.46| ), (|1.47|) containing 3 
fermions contributions. 

We hrst consider the implications of these constraints on the hypermultiplet sector. Equa¬ 
tions (|1.46|) and (|1.42| ) impose to truncate out half of the hypermultiplets. Indeed, let us 
decompose the symplectic index a —> (/,/), so that we can write the symplectic matrix 

0 1, 

-1, 


L II 


L II 

0 


Then, equation (|1.46|) becomes: 


-pi 


$ri( 7/^C = 0 


(1.48) 

(1.49) 
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which is an orthogonality condition between the set of {C 1 } and {C 1 }- A particular solution 
is to take (j 7 ^ 0, and then: 

C' = 0, (1.50) 

that is at least half of the hypermultiplets have to be projected out in the truncation. 
More generally, we could decompose the indices as I = I = (f,g) (with /, / = 

1 , • • ■, k < n H ] g, g = 1 , ■ • ■, n H - k) and, for ( f ^ 0; ( 9 ^ 0 eq. ( MH) gives 


C 9 = 0 ; = 0 


(1.51) 


together with their scalar partners that, as we easily see when looking at the hyperini 
transformation laws, are respectively: 


U'Jdq u = 0; U l Jdq'‘ = 0; (U la = (W 2 »)"; zA = (ZA)*) . 


(1.52) 


However, by a symplectic rotation we can always choose a basis where g — 0, f — I. As 
we will show in the following when looking at the hyperini transformation law reduction, 
there is no loss of generality by adopting the simpler choice (|1.50| ) (that is g — 0, / = I), 
as we will actually do in the following. Therefore in the rest of the paper we will treat 
the case f — I, where the only vielbein surviving on the submanifold Ai KH C are: 


21 \ * 


while: 


U 11 = {U 


u n = (u ll y = o. 


(1.53) 


(1.54) 


Now we can make a choice of coordinates on the quaternionic manifold q u = (wAn*), 
such that the n t are the coordinates truncated out, and set, as a basis of vielbein for the 
submanifold spanned by the scalars of the surviving hypermultiples: 


Pi = P Is dw s = V2U Ilu dq v 
Pi = Pi- s dM? = V2U i2u dq u 


(1.55) 

(1.56) 


With this position, equation (|1.45|) is now easy to interpret. It can be rewritten as: 


WriC e 1 = ^ |2 L u \iC e = o 

which gives a condition on the component of the SU (2) connection: 

0,12 1 = 0 . 


(1.57) 


(1.58) 


This condition , obtained from the fermion-bilinear equation ( |1.45|) , coincides with the 
bosonic constraint ( |1.44|) analyzed in reference [^l|]. Indeed eq. (|1.44|) is more properly 
written, in the appropriate basis, as: 


^2 \M kh ~ u s|2 


1 dw s = 0 , 


(1.59) 


which is satisfied by (|1.58| ). When looking at the explicit expression of the field-strength 
of the SU( 2) connection (whose component fl 2 1 has to be zero for consistency): 

1 = du 2 x + uj 2 a = \ \U a2 A U al = i A (U I2 A U n + U i2 A U il ) = 0 (1.60) 
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we see that it is automatically satisfied by the position ( 1.52 ). 

The surviving U( 1) curvature Op 1 = h2 3 (u 3 ) 1 1 is instead different from zero and defines 
(one half) the Kahler 2-form on Ai KH , so that we may introduce complex coordinates 

This does not exhaust the 
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w s and Kahler metric such that h2 3 = | g S sdw s A dw 
restrictions on the quaternionic manifold Ad®, since, as we will see in the analysis of the 
fermionic sector of the hyperini transformation laws, extra constraints on the symplectic 
part of the quaternionic curvature have to be imposed. 

Let us now come to the reduction of the N = 2 vector multiplcts. To understand 
condition ( |1 .47]) , let us observe that the ny N = 2 vector multiplets X A , z) 1 (Z = 
l,---ny) decompose to N — 1 chiral multiplets (A 1 ,^) 1 and N = 1 vector multiplets 
(4» A2 ) x [pT| . Let us suppose that in the reduction the number of chiral multiplets 
coming from N = 2 vector multiplets is nc < ny . We then have to decompose the indices 
X —> (i, a), where i = 1, • • •, nc and a = nc + 1, • ■ ■ ,X, and the chiral multiplets are 
labeled as (A 1 ,^) 1 (while (A 1 ,^)" = 0). 

Then eq. (|1.47|) can be rewritten as: 


ay \' 2 \ n + 'te,A"A J = 0 


(1.61) 


which is an orthogonality condition between the N — 1 chiral and vector multiplets 
coming from the N — 2 vector multiplets, satisfied for: 


A' 2 = 0 

9iot 0 * 


(1.62) 

(1.63) 


The previous equations imply that if the N = 1 chiral multiplets have indices i = 
1, • • - nc < %, then the N — 1 vector multiplets take the complementary indices a = 
A = 1, • ■ • n' v — ny — nc- As a consequence, the scalar partners of the chiral fermions A* 1 
span a Kahler manifold M.r C M. sk of complex dimension nc- 

Furthermore, the three fermion terms in eq. ( |1.42|) and (|1.18| ) containing N = 2 
gaugini impose conditions on the scalar sector of the theory. Indeed (1.42), (1.18|) give: 


IiiLVas X s /- A° 7[i/VV] i = 0 

ImW AS X s V,/ Q A X 1 7 ^A“ 2 = 0 


ImA/’ AS L E /- = 0 
IiuA/asX s V i = 0 


(1.64) 

(1.65) 


Equation (|1.64|) is an orthogonality condition between the set {L A } and the set {f A }- By 


decomposing the vector indices A as A 

n v 


(A, X), (with A = 1, 


,n 


v 


, A" — 0,1, • • - nc — 


riy) it becomes: 


ImW AS L s /J + ImA fAxL x f^ + ImAf XA L A f* + ImW A yX y /f = 0 


( 1 . 66 ) 


A consistent solution of eq. ( |1.66|) is easily found by setting: 


L a = 


= 
J a 

LiiAAv = 


0 

0 

0 


(1.67) 

( 1 . 68 ) 
(1.69) 


We observe that, since N\x is anti-holomorphic on M.r, equation (|1.69| ) still allows a 
constant, purely real, term A f\x = C\x that we do not discuss here. 
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With the same decomposition of indices the second equation ( |1.65| ) gives: 
ImA4 s L s VJ^ + lmAf AX L x XJ^ + lmAf XA L A X t fa + ImAfxr^'VJ* = 0 (1.70) 


which is satisfied (in a way consistent with (|1.67p - (|1.69|) ) with the further constraint: 


v./^ = i CijjXgB = 0 


^ Cija — o 


(1.71) 


where we have used the special geometry relation ( |1.35| ) defining Cxjk ■ This solution tells 
us that the reduced manifold M. R is a special-Kahler manifold with symplectic sections 
(L X ,M X )- Indeed we have, recalling the differential identities satisfied by the symplectic 
sections of the N = 2 parent theory, that the 3 equations (|1.67| ) - ( |1.69| ) induce on M. R 
the special-Kahler structure with indices A restricted to X. Other possible solutions 
to equations (|1.67|) - ( |1.69|) are not compatible with supersymmetry, as can be easily 
ascertained by looking at the bosonic sector 


see 


ID- 


Given the conditions found above, let us now compute the reduction of the complete 
transformation laws for the spin one half fermions. 


Hypermultiplets reduction 

The N — 2 hyperini supersymmetry transformation law reduces to: 

Hi = - 

+ i (djK\ J1 Cl -h. c.) 0 - A,/ (u k1 HkIi + wncV) o + 


- (1-72) 

while for consistency we have to impose: 

SCi = 0 = i Ul J V tl q u re l 5 ij + gN}e l + 

- X iw J (u K n K e.+UU K e 1 )0 + 

+ i (1-73) 

We hnd therefore the consistency conditions: 

A / J = 0 (1.74) 

U' J ; 2 X,q u = 0 (1.75) 

Nj = 0 (1.76) 


Eq. ( |1.74| ) reduces the holonomy of the quaternionic scalar manifold from Sp{2nu) to 
U{iih ), a condition necessary for the validity of the truncation, since the manifold has to 
reduce to a Kahler-Hodge one. 


We note that, if we had chosen the more general configuration ( |1.51| ), we had found 


instead of (|1.74f) the holonomy constraints: 


A/ = 0; A o » = 0; 


V = 0; 


A/ = 0 


(1.77) 


Working out the curvatures associated to these components of the Sp{2n H ) connection it is 
easy to see that they in fact reconstruct the full curvatures of the group U(nn), embedded 






























however into Sp(2nn) in a different way from the standard one related to the choice ( |1.53|) , 

k] g,g = 1, ■ ■ -n H 


(|1.54|) . In group theoretical terms, if we set f,f — 1, 
that the constraints ( |1.77] ) correspond to the decomposition: 

Adj(Sp(2riH )) — 1 > Adj(U(k )) + Adj(U(riH — k)) + 2(k,nn — k) 


k, we find 


(1.78) 


Actually, in equation (|1.77|) we recognize that the r.h.s. is in fact the adjoint of U(nn), 
which is however decomposed with respect to its maximal subgroup U(k) x U(riH — k). 
In the sequel we refer only to the simpler choice ( |1.50| ). 

We stress the fact that the necessary condition ( |1.74| ) found above implies a further 
geometric constraint for the consistency of the truncation. Indeed, as it has been analyzed 
2T| by using the Frobenius theorem, in order for the equations (|1.54|) and (|1.74j)to give 


m 


a consistent truncation, the quaternionic manifold cannot be generic; in particular, the 
completely symmetric tensor Qa^s £ Sp(2n H ), appearing in the Sp(2nn ) curvature, must 
obey the following constraint: 

SI UkL = 0. (1,79) 

Eq. ( p.,75|) is automatically satisfied with the choice of basis (|1.74| ). Indeed it means 
that the scalar partners of the Q have to be truncated out, since they span the orthogonal 
complement to the retained submanifold: 


ui 2 v liq u \ MKH = \ Mkh = 0. 

We can now define chiral spinors with world indices: 

C s = V2P T ’ s (i 

and we find, for the tranformation law of the ( s : 

SC = iV ft wF 7 K e 1 +gN s e 1 + 

+ i (djKX^e, - h.c .) C s - r*, s „ C s " r'd + 

- iCV/zW^e 1 

with N s = CgP I,s N} and r*, s „ = 5jPK, s 'd s "P K,s — P Ls Aj^fPj_ s n. 


J2\ 


(1.80) 


(1,81) 


(1.82) 


Vector multiplets reduction 

Let us now consider the reduction of the gaugini transformation law. From eq. (|1.2| ) we 
End: 


S A* 1 = i zVe 1 + gW ill e 1 + 

+ 4 {pjK)? e i — h.c.') A* 1 — ei + c^C e 1 ) — T l jk X ' eiA jl + 

- i^V/uT^ 1 - ^g' 3 C^A^Afei (1.83) 

5 A" 2 = ~G- c Cr^ + gW a2l e 1 + 

+ j {BjK rV'e, - h.c) A“ 2 - (a» 2 2| ,? ei + W 2 jp fe 1 ) A“ 2 - r^Xt.A® + 

+ T^C^Apy,. (1.84) 
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while for consistency we have to impose: 

5 A q1 = 0 = i + gW all e! - T a lj X j \ 1 X a - Af Cl (1.85) 


ij' x ' 2 ^ ^ 

-pi "v?l \o;2 ^ ~k\~ 


5X 2 = 0 = -G~lY v ei + gW l2 \, - F a7 -A J + -^-A^e, (1.86) 




2^ jfca 

that implies that, on the reduced theory, the following quantities have to be zero: 

V^ a = 0; 

G~i T = 0; 


W Ql1 = 0; 

r %■ = g^digfi = 0 

C ^ = ° 


W m = 0 
r \ J 9%9 a - k = 0 
°Pis = 0 


(1.87) 

( 1 . 88 ) 

(1.89) 

(1.90) 

(1.91) 


We analyze here the constraints coming from the 3-fermions terms. Equation (|1.88|) 
is automatically satisfied, on the reduced theory, because of equations (|1.67| ) - (|1.69|) 
and (|1.71|) . Equations ( |1.90| ) are also true on the sub-manifold since we have found in 
( 1.63| ) that the mixed components of the metric are zero. Finally, equations ( 1.9 1|) give 
constraints on the Special-Kahler manifold to be satisfied on the reduced sub-manifold 
M.r. In particular, the first one C = Q\m r coincides with the already found condition 
(|1.71|) , while = 0|_A/i R is a further constraint, due to supersymmetry, to be satisfied. 
We note that in particular it implies the following constraint on the curvature of the 
special manifold: 


R'affi ~ 9 

(1.92) 

If we now define: 

X* = A a , A A = —2 / a A“ 

(1.93) 

and apply the special geometry relation: 


Cuk = fi djAf A Y.f ^, 

(1.94) 

which gives: 

Cia0 = /a^WAs/J, 

(1.95) 


we can rewrite equations (|1.83|) and (|1.84|) as: 


= iV^Ye* + gW iu e.+ 


+ 7 {pjlCx 3 e. - h.c .) x l ~ (^i| s Ye. + Ye*) X % ~~ F l jk x k e.x J + 


- iyV/i.7 /ie * + ^9 lJ <9jA/' AS A A *A s *e. 
£A A = -2gf^W a21 e.+ 


(1.96) 


+ - (djKtfe. - h,c.) A a - (w 2| , Ye. + w 2| - Ye*) A A - + 

+ i (ImA7)- 1AE (djAf^X 1 ^' + dJV^rxX) e.. (1-97) 
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which have the form of the N — 1 transformation laws for chiral- and vector-multiplets 
fermions respectively. 

We still have to identify the precise form of the bosonic quantities lh !l1 , / A W a21 and A/as 
in the reduced theory. This has been done in [^L]]. We just quote the main results here. 
For example, in order to retrieve the P-term of the N — 1 gaugino transformation, we 
have to identify: 


- 2 gf A W a21 = iP A = i(ImW~ 1 ) AS (p£ + P|) . 


(1.98) 


Moreover, in order to show that equation (|1.97|) is the correct N — 1 transformation 
law of the gauginos we have still to prove that A/"ae is an antiholomorphic function of the 
scalar fields z\ since the corresponding object of the N — 2 special geometry A/as is not. 
For this purpose we observe that in N — 2 special geometry the following identity holds 
(at least when a N = 2 prepotential function exists) p4[| : 


A/as — Pas “ 2iTA7 n s(A r ImPrA-h A ) (1.99) 

where the matrix Pas is holomorphic and T\ is the so-called projector on the graviphoton 




If we now reduce the indices AS we hnd: 

AT as = Pas - 2iT A Tx{L z lmF zw L w ) = P A s 


( 1 . 100 ) 


since, as shown in |2T|, Ta = 0 is precisely the bosonic constraint derived from (|1.42|) . 
Therefore A/”as is antiholomorphic and the P-term (|1.98|) becomes: 


D a = 2i f A W a21 = —2(Im/- 1 (P)) AS (P° + P|) . (1.101) 

where we have defined 

#ae(z‘) = j/ae(^) (1.102) 

in order to match the normalization of the holomorphic kinetic matrix of the N = 1 
theory appearing in equation (|1.34j ). 

The N = 1 transformation law of the gra.vitino with these notations takes the final form: 


8 fan = i (S/t - 2 %|i X ) e. + + 


Im ./as A + -'Yfj.v (/asA + QijXYx 1 + GaCYC) 


~ X C S e. + ^i\s \ S ^) - 7 (djJCx^e. - h.c .) fa. 


£• + 
(1.103) 


2 The gauging 

As it was stressed in the introduction, the implications of the N = 2 —> N = 1 reduction 
on the gauging of the N = 2 theory cannot be obtained by looking only at the fermionic 
sectors, since the fermionc shifts are built up in terms of bosonic fields only. The analysis 
of the gauging has been thoroughly given in [^1]]. To make the paper self-contained, we 
just summarize here the conclusions, and in particular: 
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The P-term of the N = 1-reduced gaugino A A = — 2/ a A* 2 is: 


D a = W i21 = — 2g (A) (Im/)“ 1AS (p|K) + P°(z*) 

(2-1) 

The N = 1-reduced superpotential, that is the gravitino mass, is: 


L(z,w) = l -g{ X )L x (Px - i Px) 

(2.2) 

and is a holomorphic function of its coordinates z l and w s . 

The fermion shifts of the N = 1 chiral spinors x l — A* 1 coming 
gaugini are: 

from the N — 2 

gW lU = N l = 2g lJ VjL 

(2.3) 

The fermion shifts of the N — 1 chiral spinors ( s coming from N = 

2 hypermultiplets 

are: 


N s = — 4<7 ( x) k t x L X Ul I U^ i = 2g s °VsL. 

(2.4) 

Only some components of the special-Kahler and quaternionic prepotentials and of 
the corresponding Killing vectors remain different from zero after the reduction, in 

particular we have: 


P°x = 0, 

(2.5) 

k i x = 0 , k a K = 0 

(2-6) 

k\ = i g^Pl ± 0. 

(2.7) 

and 


Px = 0, Pi = 0, (i = 1,2) 

(2.8) 

k'x = 0, k\ = 0 

(2.9) 

K = i9 ,5 v»fI / 0. 

(2.10) 

We note that, by using the quaternionic relation: 


n H P% = -\KX U K 

(2.11) 

from equation (|2 . 8p it follows: 


= o = -Ini, (v*y - v'n) 

(2.12) 

n«Px = 0 = P(l%Vk- x + niVV x 

(2.13) 

satished for: 


= 0 ; V s k° x = 0 

(2.14) 

V*k s A = 0 ; Vk T x = 0. 

(2.15) 

Equations (|2.14f) follow from (|2.9|) for consistency of the reduction to the subman- 
ifold M. kh . Equations (|2.15|) are instead further relations to be satished for the 

truncation. One can see for instance that the above relations do indeed hold in the 
model of reference 25 where the gauge group acts linearly on the coordinates of 


the scalar manifolds. 
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3 A closer look to consistency: Yukawa interactions 


It is well known that, in order to have a consistent reduction, the solutions of the equations 
of motion of the reduced theory must be also solutions of the mother theory. This fact 
in particular implies that all terms in the lagrangian bilinear in the fermions, containing 
one retained and one truncated out fermion, must disappear in the reduction. Indeed, 
the corresponding held equations obtained by varying the lagrangian with respect to the 
truncated fermion would be inconsistent. Let us check that the bosonic quantities which 
are coefficients of these terms do indeed vanish in the reduction. 

We will confine to analyze the “mass” terms of the N = 2 lagrangian, namely: 


C 


N=2 


—A 


= g[2S A B^Y^v + [ 9 X j w1ABx a1A’b + 2iIVA Cl^l>A 


1ABT J , 


+ + Mijab\ IA \ jb + h.c.] 


(3.1) 


where, besides the matrices Sab, W iab , N A defined in ( |1.22|) - (|1.25|) , there appear the 


mass matrices (see p2||): 



M af3 = 

-U: A U 0 V B e AB vH v l L A = -bu Aa \ u V u N p A 

(3.2) 

M a iB = 

-4 U a Bu klf A 

(3.3) 

■M-abik. = 

e AB + ^-PxAB^lf^ 

(3.4) 


The gravitino mass term is automatically zero because of (|1.43|) . 

The term gjjW IAB X' a'J^b contains four potentially dangerous contributions, namely: 

g 0 W‘ 12 (3.5) 

(3.6) 

(3.7) 

g a7 w- 22 x%^ (3,8) 

Looking at the expression (|1 . 23| ) of W XAB we see that W l12 is zero on the reduced theory, 
taking into account the constraints: P x = P^, f A = 0, L A = L x , k l x = 0; furthermore, 
W al1 and W a22 are both zero due to the constraints: P x = (P| 2 )* = P x — i P x , f x = 0. 

Then, we need the terms and Nj^ 1 t° t> e zero. And indeed, Nj = (IV 2 )* = 

0\m r for consistency of the truncation of half hypermultiplets (see equation ( |1.76|) ). 
Furthermore, the term M. 1J CiCj must be zero, and this is satisfied if: 


M lJ = U^ul 2 V [s ki L x - uPuj 1 L x = 0. 


x 


(3,9) 


Both terms are indeed zero as a consequence of ( |1.67|) and ( |2.S|) , (12.9|) , (|2.15|) . 

From the mixing term ■M- a jBCa XlB we get the potentially inconsistent contributions: 


A ttl ; 

(3.10) 

M* l2 CA 2 ; 

(3.11) 

MiCA 1 ; 

(3.12) 

M^zCjX* 2 ; 

(3.13) 
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All these quantities are indeed zero on the reduced theory, as can be ascertained by using 
the relations (|1.53|) , (|1.54|) , (|1.67|) , (|1.68|) and ( |2.9|) . 


m 


Finally, the gaugino mass term M-xj ab^ A A^ b contains the four contributions 


(3.14) 

AW°V 2 (3.15) 

M tal X\ al (3.16) 

M ta22 A i2 A a2 (3.17) 

which have to be zero on the truncated theory. We find: 

.Mu12 = Viff (3-18) 

■M a / 31 2 = g^[afp]k\ — -PAU^afp (3.19) 

-Mioll = --F.YuVa/f (3.20) 

■Mia 22 = —~Px22^afi C (3-21) 


Equations (|3.18| ) - (|3.21|) are all satisfied as a consequence of ( |1.67|) , (|1.68| ), (|1.71|) , (|1.91|) 
and 


Finally, coming to the reduction of the scalar potential of the N — 2 theory down to 
N = 1, we have that the N = 2 scalar potential, given by: 


V N =2 = 


(g X jklki + 4 h uv k\kl) L A L s + (—^(ImA/"- 1 )^ - 


PfP^SPfP^LU 

(3.22) 

reduces to the standard form for the N — 1 scalar potential, written in terms of the 
covariantly holomorphic superpotential L as: 


V 


7V=2—>7V=1 


= 4 


-3 LL + g'-’ViLVjL + g s °V s LVjL + — Ini/ AE H A D E 

16 


(3.23) 


The explicit proof is given in [21 
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